This article seeks to derive insight on battery charging control using electrochemistry models. Directly using full order complex multi-partial differential equation (PDE) electrochemical battery models is difficult and sometimes impossible to implement. This article develops an approach for obtaining optimal charge control schemes, while ensuring safety through constraint satisfaction. An optimal charge control problem is mathematically formulated via a coupled reduced order electrochemical-thermal model which conserves key electrochemical and thermal state information. The Legendre-Gauss-Radau (LGR) pseudo-spectral method with adaptive multi-mesh-interval collocation is employed to solve the resulting nonlinear multi-state optimal control problem. Minimum time charge protocols are analyzed in detail subject to solid and electrolyte phase concentration constraints, as well as temperature constraints. The optimization scheme is examined using different input current bounds, and an insight on battery design for fast charging is provided. Experimental results are provided to compare the tradeoffs between an electrochemical-thermal model based optimal charge protocol, an electro-thermal-aging model based balanced charge protocol, and a traditional charge protocol. 
based charge control is numerically solving a multi-state nonlin-64 ear calculus of variations optimal control problem. These previous 65 studies side-step this difficulty using linear-quadratic formulations, To directly face the nonlinear variational calculus problem, orthogonal 70 collocation enabled pseudo-spectral methods were employed in Ref. 71 23 to optimize charging time and efficiency of lithium-ion batteries. 72 This work was extended in Refs. 24,25 to consider aging and cou-73 pled electrical-thermal dynamics via equivalent circuit type models. 74 However, all of the foregoing studies do not explore coupled and fully 75 constrained electrochemical-thermal dynamics for fast charge appli-76 cations which can lead to overly conservative or unsafe operation. 
80
This article pursues a different approach to developing optimal fast 81 charging protocols using electrochemical-thermal models. Mathe-82 matically, we formulate a minimum time optimal control problem via 83 a coupled single particle model with electrolyte and thermal dynamics 84 (SPMeT). In the coupled model, two PDE single particle subsystems 85 capture both anode and cathode solid concentration dynamics, a three-86 PDE electrolyte subsystem captures the electrolyte concentration 87 dynamics in three domains (anode, separator, cathode) which all feed 88 into the nonlinear voltage output function. 10 The nonlinear voltage 89 output and bulk solid concentrations are then fed into the two-state 90 thermal subsystem, 14 whose temperature feeds back into the nonlinear 91 voltage output and solid/electrolyte dynamics. Due to the coupled 92 electrochemical-thermal dynamics, the optimization problem is highly 93 nonlinear. Consequently, there are no analytic solutions and numerical 94 solutions have been considered extremely difficult. We challenge 95 this entrenched mindset by leveraging the Legendre-Gauss-Radau 96 (LGR) pseudo-spectral method with adaptive multi-mesh-interval 97 collocation. It is also worth emphasizing that incorporating a two-state 98 temperature model in lieu of the commonly-used single lumped tem-99 perature yields more accurate predictions and safer charging protocols 100 as it is known that the core temperature of a cell can be higher than the 101 surface temperature under high current rates. 31 To the best of the au-102 thors' knowledge, it is the first minimum time charging optimization 103 framework that uses an experimentally validated electrochemical-104 thermal model (via measured voltage and temperature) for charging 105 subject to both electrochemical and thermal limits. 
[2] The Neumann boundary conditions at r = R ± s signify the flux en-143 tering the electrode is proportional to the input current I (t) (positive 144 for charge). The Neumann boundary conditions at r = 0 are spheri-145 cal symmetry conditions and required for well-posedness. Next, the 146 electrolyte diffusion Equations 3-5 with boundary conditions 6-9 are 147
The nonlinear output function for terminal voltage is governed by 155 a combination of electric overpotential, electrode thermodynamics, 156 Butler-Volmer kinetics, and electrolyte potential as
where c
is the spatially averaged ex-159 change current density
[11]
rhenius law
The core and surface temperature dynamics of the cylindrical cell 163 are governed by
where 
The constraints include the model dynamics and boundary conditions 208 1-9, input, state, event, and time constraints below:
[27]
Constraints 21-22 protect the solid active material and electrolyte 217 from lithium depletion/oversaturation. Constraint 23 protects against 218 excessively cold or hot temperatures that accelerate cell aging.
219
The PDE system 1-9 is discretized in space using a second-order 220 accurate finite central difference method that conserves lithium, 38 re-221 sulting in a nonlinear differential algebraic equation system. Due to 222 this complex mathematical structure, it is difficult to use conventional 223 optimization techniques, e.g., dynamic programming, Pontryagin's 224 minimum principle, and indirect methods, due to intractable computa-225 tional burden or accuracy. Instead, we pursue pseudo-spectral methods 226 to transcribe this infinite-dimensional optimal control problem into a 227 finite-dimensional optimization problem with algebraic constraints at 228 the discretized nodes. Then, the optimization variables at such nodes 229 are solved by off-the-shelf nonlinear programming (NLP) solvers, 230 like SNOPT or IPOPT. 39 Note that convexity is not guaranteed, and 231 therefore these solvers yield locally optimal solutions. Pseudo-spectral 232 methods are an effective tool for complex nonlinear optimal control 233 problems and have been extensively applied to real-world optimization 234 problems in engineering, including aerospace and autonomous flight 235 systems, 40 road vehicle systems, 41 energy storage, 23,24 etc. There are 236 a myriad of approaches for discretizing integral and differential equa-237 tions, leading to a spectrum of pseudo-spectral variants. In this study, 238 we use the Legendre-Gauss-Radau (LGR) pseudo-spectral method 239 with adaptive multi-mesh-interval collocation, featured by the gen-240 eral purpose optimal control software (GPOPS-II). 39 This software 241 incorporates an orthogonal collocation method to generate the LGR 242 points. Rather than a traditional fixed global mesh, an adaptive mesh 243 refinement algorithm is employed to iteratively adjust the number of 244 mesh intervals, the width of each interval, and the polynomial degree 245 (the number of LGR points). Theoretical and algorithmic properties 246 of this method are elaborated in Refs. 42,43.
247

Results and Discussion
248
This section presents optimization results for minimum-time 249 charge in the absence of modeling, measurement, or control uncer-250 tainty. It also examines solution sensitivity to perturbations in model 251 parameters. 
Minimum time charge.-The optimal charge trajectories are I max = 7.25C, with a longer initial current at the maximum C-rate.
264
It takes 4.6174 min to achieve the target SOC in this case, which is 265 slightly more than the previous case. Note that once the the mini- I max = 7.25C) faster than the CC-CC-CV protocol here, it allows 289 for safe charging since the CC-CC-CV protocol violates the surface 290 concentration constraints at the anode and cathode chosen in this 291 study.
292
Similarly, a comparison of the optimized charge protocol vs. the 293 well known CC-CV (CC = 6C) protocol is presented in Fig. 5 for 294 I max = 6C. We make similar observations. (i) It takes the CC-CV 295 protocol 5.2733 min to achieve the target SOC, a 0.0717 min (1.37%) 296 increase w.r.t. the optimized charge protocol at I max = 6C. (ii) The 297 optimized protocol allows safe excursions beyond the 3.6 V upper 298 limit in CC-CV by ensuring the electrochemical state constraints are 299 satisfied. Although the optimized protocol (with I max = 6C) is not 300 significantly faster than the CC-CV protocol here, it allows for safe 301 charging since the CC-CV protocol violates the surface concentration 302 constraints at the anode and cathode chosen in this study.
303
Sensitivity based battery design for fast charging.-Next we ex-304 amine the solution sensitivity to small perturbations in nominal model 305 parameters for fast charging (while maintaining similar optimal charge 306 protocols). In previous results, we noted that the first electrochemical 307 constraint to become active was the electrolyte concentration at the 308 anode current collector when I max = {8.5C, 7.25C}. This observa-309 tion motivates exploring how alterations to the electrolyte dynamics 310 impact minimum charge time. We also explore how changes in other 311 model parameters affect the minimum charge time.
312
Electrolyte Diffusivity D e (c e , T avg ).-A comparison between the 313 optimized charge protocol for a ±2.5% deviation in D e (c e , T avg ) 314 and the solution with nominal parameters is shown in Fig. 6 for 315 I max = 8.5C. The optimized charge protocol with a +2.5% deviation 316 requires 4.4002 min to achieve the target SOC. The cell with greater 317 electrolyte diffusivity requires 0.082 min (1.83%) less charge time. 318 Consequently, increasing D e (c e , T avg ) is favorable to obtaining a faster 319 charge time. The optimized charge protocol with a −2.5% deviation 320 requires 4.5660 min to achieve the target SOC. The cell with lower 321 electrolyte diffusivity requires 0.0838 min (1.87%) more charge time. 322 Consequently, decreasing D e (c e , T avg ) is not favorable to obtaining a 323 faster charge time. Note that the trajectories are similar to that of the 324 unperturbed solution. The difference is seen in the electrolyte con-325 centration dynamics which become faster or slower depending on the 326 increase or decrease in D e (c e , T avg ), respectively. up, and overall resistance of the cell goes down).
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347
Experimental Results and Discussion
348
Various experiments were conducted to validate the 
404
It is important to highlight that only the CC-CV protocol provides 405 compensation as the cell degrades.
406
The discharge capacity is determined using a 1C CC-CV cycling capacity of the SPMeT optimal charge protocol with I max = 6C 410 is 81.18% while that of the 5C CC-CV charge protocol is 97.67% 411 at cycle 210. The higher capacity fade experienced by the SPMeT 412 optimal charge protocol with I max = 6C over the entire 210 cycles 413 is expected since it is applied in a pure open loop fashion (does not 414 compensate for the cell violating electrochemical-thermal constraints 415 as it is cycled) and has a faster charge time than that of the 5C CC-CV 416 protocol. The charge time of the SPMeT optimal charge protocol with 417 I max = 6C stays the same each time while that of the 5C CC-CV 418 protocol increases (due to the closed loop compensation which limits 419 the cell voltage from going above its upper limit as it is cycled) as 420 shown in the bottom subplot of Fig. 11 . The charge time of the SPMeT 421 optimal charge protocol with I max = 6C is 5.202 minutes while that of 422 the 5C CC-CV charge protocol is initially 6.008 minutes. The charge 423 time of the 5C CC-CV charge protocol increases to 6.232 minutes at 424 cycle 210. There is a clear tradeoff between degradation and charge 425 time between the SPMeT optimal charge protocol (open loop) with 426 I max = 6C and 5C CC-CV charge protocol (closed loop) that are 427 applied over time. It is important to highlight that the SPMeT optimal 428 charge protocol with I max = 6C provides a faster charge time with a 429 comparable capacity fade to that of the 5C CC-CV charge protocol up 430 to cycle 60.
431
The capacity fade and charge time results of an electro-thermal-432 aging (ETA) model based balanced (optimal tradeoff between charge 433 time and aging subject to electrical-thermal-aging constraints) charge 434 protocol (open loop) from Ref. 25 are also presented in Fig. 11 
